THE UNIQUENESS OF HERMITE SERIES
UNDER POISSON-ABEL SUMMABILITY(?)

BY
LAWRENCE S. KROLL(?)

Introduction. The differential equation
) Y'x)=2xy'(x)+2nyx =0 (n=0,1,2,...),

known as Hermite’s equation arises in quantum mechanics in connection with the
one-dimensional simple harmonic oscillator. It can be solved by the method of
undetermined coefficients and yields the Hermite polynomials

¢) H,(x) = (—D"exp (x®)[d*exp (—x¥)/dx"] (n=0,1,2,...).

These polynomials are orthogonal with respect to the weight function exp (— x?).
We will work with the normalized Hermite functions

3) D,(x) = exp (—x%/2)H,(x)[=**(n!)!/22m2 n=012...),

which are orthonormal on (— o0, o) and complete in %, [1, p. 288].

Notations and definitions will be as in the main reference of this paper [2]. For
any real number p, we say that f€ S, if the function f€ £ on every finite interval,
and if

@ f: |x?f(x)| exp (—x2/2) dx < +oo.

If fe 5, for every p=0, we say that fe 5 If fe #, and if

a, = f T f@W0,mdx (n=0,1,2,...),

the generalized Fourier series coefficients, then we say that the series >3- o a,P,(x)
is the Hermite series of f(x), and write

© 1@ ~ 3 0,0,

If the series > 2- ¢ a,®,.(x)r" converges, for 0= r <1, to f(x, r), then the functions
f*(x)=lim sup,,, f(x, r) and f(x)=liminf,,, f(x, r) are called the upper and
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lower Poisson sums respectively of the series >, a,®?,(x). Analogous to the
Riemann function for trigonometric series [3, p. 319], we form the series

= — S _L n <
©) F(x, r) Zo s PO O =r <)
which under the given hypothesis converges to a function F(x).

Major theorems. This paper is concerned with the problem of determining
when a given series of Hermite functions, >, a,®,(x), is a Hermite series in the
above sense. In Chapter II we prove

THEOREM 1. Let the series Y- a,@.(x)r" converge, for 0<r<1, to f(x,r).

Suppose that
@) |f(x, r)|=0(1/(1—r)) uniformly in x as r - 1;

(ii) there is a function y, € 3 such that —o0 <y,(x)Sfe(x¥)Sf*(x)< +0 for
all x;

(iii) there is a function y, € S such that — oo <y,(x) < F(x) for all x.
Then the series >3- o a,P,(x) is Poisson summable almost everywhere, and is the
Hermite series of its Poisson sum.

THEOREM II. Let the series >3-, a,®,(x)r* converge, for 0sr<1, to f(x,r).
Suppose that

@) |f(x, r)|=0(1/(1—r)) uniformly in x as r — 1;

(ii) lim,_,, f(x, r)=0 for all x.
Then a,=0 for all n.

In Chapter II we shall show that these theorems are, in a certain sense, best
possible. They extend several of the main results in Rudin’s paper [2]. This paper
was motivated by V. L. Shapiro’s work on harmonic analysis and the heat equation,
in particular [4].

CHAPTER 1
Fundamental lemmas.

LemMA 1. Suppose
() @ is the open rectangle: —R<x<R, Ty<t<T, with boundary 9. Let
D,={(x,t)| —R<x<R, t=T,} and let Dy=D~D,;
(ii) h(x, t) satisfies

@) hyx(x, 1) — (24 Dh(x, t) = 2h(x, 1) inD U D,

where . -
h(x, 1) e €¥(2 V 9,) and  h(x,t)e€U (2 vV 9);

(iii) lim inf ., s cxo,t00 A(X, 8) 20 for all (xo, to) € D,.
Then (a) h(x, t)=0in 2 U 2; .
(b) h(x, t) assumes its maximum in 9D,.
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Proof. Suppose h(x,, t,) <0, where (x;, ;) € 2. By (iii) and the continuity of
h(x, t) on the compact set 2 U D, h(x, t) must assume its minimum in 9 U 9,,
say at (xo, fo) € 2 U D, and h(x,, t,) <0. This means h,.(xo, o) = 0 and Ay(x,, 1,) < 0.
Since h(x, 1) satisfies (7) in 9 U 2, at (x,, ;) we have

(X0, 10) — 2h(xo, to) — (X3 + 1)h(xo, 25) = 0.
;_\,_.—/ \ N VAN ~ 7
20 20 >0

This is a contradiction in signs, proving (a).
Suppose h(x, ) assumes its maximum in 2 U 9@,, at a point (X, f,). Then
hy(x,, t,)20 and h,,(x,, ;) <0. Again using (7) we have
Py X3, t3) — 2h(X 2, t2) — (x3+ Dh(xg, t2) = 0.
H_—/ \ ~ 7 ~ v
<0 <0 <0

This means each term must be zero and A(x,, £;)=0. Since A(x, 1)=0in 2 U 9, the
maximum in 2 U 9, is zero. This means A(x, t)=0 for (x, t) € 2 U 2, hence in
any case A(x, ) assumes its maximum in Z,.

LEMMA 2. Suppose

(i) N(x, r) satisfies

® Noo(x, r)=(x*+ )N (x, r)+2[rN(x, 1)}, = 0

for —oo<x< +o0and0=r<1, where N(x,r) e €% for —co<x< +owand0=r<1;
(i) lim,_, N(x, r)=0 uniformly on compact subsets;

(iii) |N(x, r)| £ K, a positive constant for —co<r< +oo and 0sr<1.

Then N(x,r)=0 for —co<x< +o0 and 0=r<1.

Proof. Define h(x, t)=e *N(x,e %) for —oo<x<oo and O0<t<c. Then
h(x, t) satisfies (7). We note |h(x, t)|=e"!|N(x, e~*)| £ K, a constant for all x and
t>0. lim,_ ¢ A(x, t)=lim,_, et lim,, N(x, e~*)=0 uniformly on compact subsets.
To show N(x, r)=0, it is sufficient to show A(x, t)=0. Consider the function

1 x2—-2t x?2
w(1—e B €xp 3 T 1—e %

Claim B satisfies (7) for ¢>0 and all x.

x2—2t x? (1+e %)
2 - l—e- 2t (1 _e-zt)alz’

—1exp {(x*—2t)2—x*/(1 —e

B(x, t) =

} fort > 0.

-Xx
B.(x,t) = —i7a €XP

) [(1—e~*)—x%(1 +e~2?],

B, (x,t) = 2 (I—e %2
B 1) = g SRAC 20 f."z,’)‘;/z(l = (1 — e~y — 2%

Thus B,.(x, t)—2By(x, t)=(x2+1)B(x, t) which is (7). Set
U¥x, t) = K[B(x+R, t)+B(x—R, t)]
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for R>0 and ¢>0. Then UZ(x, ¢) satisfies (7) since B does, for all x and ¢>0.
Note
B0, t) = e t(n(1 —e~ )12 = 1/(m(e®*—1)) 12 fort > 0.
Thus UF(+R, t)=K[BQ2R, t)+B(0, t)]=KB(0,¢) since B20 and UR®(—R,t)
=K[B(0, t)+ B(—2R, t)]= KB(0, t) since B=0. Thus
U +R,t) 2 K/(n(e*—1))42 fort > 0.
Let T be an arbitrary positive number. For 0<#=<T we have

|h(£ R, )| = K = K(n(e*" —1))?/(m(e*—1))'? < (n(e*" —1))'2 UR(£ R, 1)
©) fort > 0.

Hence the functions (m(e2” —1))!/2 U*(x, t) + h(x, t) which both satisfy (7) in the
open rectangle — R<x< R and 0 << T are nonnegative on the sides by (9). Call
the open rectangle Dy . On the lower boundary of Dy r we have

lting h(x,t) =0 and lim U%(x, t) = 0 uniformly.
- t—0
Thus Lemma 1 applies and we have

(m(e?T — 1)) UR(x, t) + h(x, t) = 0in Dy r closure.

This means |h(x, t)| < (=(e?T—1))'/2 U¥(x, t). Holding (x, ?) fixed and letting
R — oo we have limg_,, U%(x, t)=0.

Thus |A(x, t)| can be made arbitrarily small which gives

h(x,1) =0 for —o0 <x< +oand0<t< T

But T was arbitrary, thus A(x, 1)=0 for —co <x <0 and all £>0.

LEMMA 3. Let f(x,r)=limy_, o 20-0 @ P (x)r* exist for —oo<x<-+oo and
0sr<l1.

Then (a) for fixed r, 0<r<1, f(x, r) converges uniformly in x.

) f(x,r)es# for0<r<]1.

Proof. Since f(x, r) converges, lim,_, ., a,®,(x)r*=0for all x and fixed r, 0 r<1.
By [2, Theorem 7],
(10) a,yr® =om"*) for0=r<1.

By choosing & such that (1+ 8)r <1 we see that a,[(1+ 8)r]* < Kn'* for all n, where
K is a positive constant. Since |H,(x)|<1.1(n!)*22"2exp (x?/2) for all x and
n [5, p.324], we get

(€3] |®,(x)] <1 forall xandn.

Thus

© n 0 nl,4
Sl S 3 lar 190] < K 2 gy = K <+,

n=0

by the Weierstrass M-test for 0<r <1, which proves (a).
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Since
© 2 [d
[ renien xemax s [ e > s ep (-xtax

< Klj |x?| exp (—x2/2)dx < + o0

for all p=0, we have (b).
The Poisson kernel for Hermite series [6] has the form

(12) P(x,t,r) = io D,(x)D,(t)r" = [#(1—r?)]"2 exp {xzztz_(-’i:l;tz’)’}
O=sr<1.

For ease in integration we write

xp (“%2 (%’4—%\)) (1477 (t xr )2}

(13)  P(x,t,r) =

A1z P\ TaA=r) ' T T4
O0O=r<)
and
_ 2
(14) Pxn) = [P M b ) 051 < )

LEMMA 4. Let f(x, r)=3%_0a,9,(x)r* exist for —o<x<+o0 and 0sr<]1.
Suppose that |f(x, r)| Se(r)/(1—r) for —co<x<+00 and 0Sr<1, where &(r) is
bounded and (r)=o(1) as r — 1. Then

fosrer=0 = [ s rp(x, 6, =)
- 0

forO<ro<land 1—ro<r<l1.

Proof. By [2, p. 398], we can differentiate across the integral and show
f 1, ro)P(x, t, r+:°_ l) dt
- 00 0 /

satisfies (8). Using the substitution z=(r+r,—1)/r, we have

r+r0

lim f(t ro)P(x, 2

r—1

)dt lim f £t r)P(x, 1, 2) dt = f(x, 1)

uniformly on compact subsets, since f(x, r,) is continuous and in 5%,
Since

£, ro)| < 8('0) and f " P, t,r)dt <2,
ro - ®

we have

7 st 22 o ) <

ro

forall x,1—ro=r<I1.
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The above three conditions are also met by f(x, r+r,—1). In fact,

[ . n114
2 -1 = o |® £K —_— =
| fCx, r4+ro—1)| nZO |@ar| | @n(x)| 1’2; aT+or
for all x and r, using (10) and choosing 8 as in Lemma 3. f(x, r+r,— 1) satisfies (8)
since ®,(x) satisfies [7, p. 105]
Or(x)—(x2+ 1D, (x) = —(2n+2)P,(x) n=0,1,2...).

The uniform continuity of f,(x, r) and f..(x, r) follows from the M-test.
Thus

Fx, r+ro—1)— f: 1, ro)P(x, ,’“‘; )dt

satisfies all the conditions of Lemma 2, proving this lemma.

LEMMA 5. Let f(x, r)=22-0 @, P, (x)r* exist for —oo<x<+o0 and 0=r<1.
Suppose that |f(x,r)| Se(r)/(1—r) for —o<x<+ and 0=r<1, where &(r) is
bounded and «(r)=0(1) as r - 1.

Then () f(x, r)=22-0 a, O (x)r" for 0sr<1;

(b) for fixed r,0sr<1, f,(x, r) converges uniformly in x;

©) filx,r)esf for0sr<1;

@ fulx, v+r—1) = J‘-: 1@, ")Px(x, ,v+r l)

dt = Z a, Oy (x)v+r—1)"

n=0

forO<r<landl1—-r<v<l;
©) |fulx, r)| Sei(r)/(1—r)%2 for —0<x< +00 and }Sro<r<1, where &y(r) is
bounded and &,(r)=o0(1) as r — 1.

Proof. By the recursion formula for Hermite polynomials [I, p. 286],
(15) 20,(x) = (2n)'2D, _,(x)—(2n+2)12d, , ,(x) forn = 1.

Using (11) and (15), we have |®,(x)| < An'/2 for all n and x where A is a positive
constant. Thus

D @Ot | = Z |anr| | @n(x)|
n=0
0 1[4An1[2
< ——
= K’Zo asor K, < 400,

using (10) and the ratio test. By the Weierstrass M-test f,(x, r)= > o @, Pp(x)r" con-
verges uniformly for all x and 0=<r<1, and the representation is justified, proving
(a) and (b).

Since [© |x*f.(x, r)| exp (—x%/2) dx< K, [*, |x?| exp (—x?/2) dx < + oo for all
p20and 0=r<1 we have (c).

By Lemma 4

f(x,u+r-1)—f 1@, r)P(x, f, LEL l)dt
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for 0<r<1 and 1-r<v<]1. Since f(¢,r) e # we can differentiate across the
integral sign [2, pp. 398, 399] to obtain (d).
Set p=(v+r—1)/r. Using (d), (14) and the substitution

y = [(1+p%)/2(1 - p*)]"2(t - 2xp/(1+ p%)),

| felx, v+r=1)| = e(r) e"p{ (1 L )}f —x(1+ p2) +2tp| exp (—y?) dt

1/2(1 p2)3/2
_P2
o) P {‘7 (_1+p2)} 4
= T=r (= A1+

© x(l— 2)3/2
"f.m I TR+ A"

Set gi(x, p, r) equal to the term outside the integral, and

_ (1=
A P) = it T

exp (—y?) dy.

Then
A
e v+r=D] = a6 p 0 { [ (4-exp -y @y

+ f: (y—A)exp (-7 dy}
= ainnn{4[" ewma-[" (~mew(-y )

A
< gix, p,7) {Af exp (—»?) dy+l}-
-4

Note gi(x, p, r) S e(r)Ks/(1 —r)(1 — p)'’2, where K is a positive constant. Recalling
p=@+r—1)[r, set v=r to get 1/(1-p)<1/(1-r), and gy(x, 2r—1)/r, r)
=¢,(r)/(1-r)®2if 1> p>0. To ensure this, choose r, > 4. Then, for r > r,, we have
2—1/r>0, (2r—1)/r>0, and p=(2r—1)/r>0. Thus for r>r,,

8&ilx, @r=1)/r,r) = e(r)/(1-r)*2,

where &,(r) is bounded and o(1) as r — 1.
Part (e) of Lemma 5 will be proven if we show that

2r—1 el

,r)A fj exp (—y?H)dy = (1 r)T

g 1 (xa
or that

e(r) p{ (l+p )}

— )i |x[(1—p?)%2 Jt: exp (—y?)dy < (18;1(:))3/2

forr, < r <1.
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1—p? x% (1—p*®
o (155) oo {5 (1553}
is uniformly bounded for p near 1. Setting n=(1—p?)/(1+p?) and noting n — 0

as p— 1 we need only show |x|y exp ((—x?/2)n) is uniformly bounded. In fact,
for 0=7n<3, |x|nexp (—x%/2m) < 1.

Generalized Hermite operators. @, (x) satisfies [7, p. 105]
(16) Or(x)—(x2+ D0, (x) = —(2n+2)0,(x) (1 =0,1,2,...).

It is sufficient to show

We consider the equation
17 Y'®)—-(x*+1)yx) = 0.
Putting

B) = exp D) [ exp (—u) i

we note that B(x) and B(—x) are linearly independent solutions to (17). Given a
function F(t), defined in a neighborhood of the point x, and />0, there exists a
unique function y(¢) which is a solution of (17) and is such that y(x+h)=F(x+h)
and y(x—h)=F(x—h). We define

(18) AF() = lim 2[y(x)h; F(x)]

provided the limit exists. A*F(x) and A,F(x) are defined likewise with lim sup,_.o
and lim inf,,_,, in place of lim. By [2, p. 388],

(19) AF(x) = F"(x)—(x*+1)F(x) if F"(x)

exists.
Setting
k(x,t) = = 128(x)B(—1)  (x < 1),
=7 12B(—x)B(t) (x 2 1),

we define
20) V) = - [ sk 0,

provided fe #,. The Q operator is the inverse of A. In particular, for fe i,
S~ -0 @n®y(x) iff Qf(x)~ 20 (@n/(2n+2))Pu(x) [2, p. 389].

LEMMA 6. Let f(x,r)=>_0 a,®,(x)r" exist for —oo<x<+o and 0=r<l.
Suppose that |f(x, r)| Se(r)/(1—r) for —0<x<+0c0 and 0sr<1, where &(r) is
bounded and e&(r)=o0(1) as r— 1. Set F(x,r)=—2.0 (a,/(2n+2))D.(x)r" for
0=r<l.
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Then (a) |F(x,r)| Sey(r)log (1/(1—r)) for —oco<x< +0o0 and 0=Sr<1, where
e(r) is bounded and ex(r)=o0(1) as r — 1;

(b) F(x, r)=Qf(x,r) and F(x,r)e s# (0=sr<1);

(©) Fulx, r)=0Qfx, r)= =270 (@,/(2n+2))®,(x)r* 0= r<1);

(d) |Fu(x, r)| Sea(r)/(1—r)2 for —0<x<+00 and ¥<ro<r<l1, where ey(r)
is bounded and ei(r)=o0(1) as r - 1.

Proof.
_ I B SN iy 3
|[rF(x, r)—roF(x, ro)| ) go n+2 D)+ go 2n+2

2, a—z"d’n(X)f'op"dp\ =

n=0

@, (x)rg+t

L | L
[3 2 atuopmdo
To “ n=0

since f(x, r) is a power series in r and converges uniformly over compact subsets of
r when r is bounded away from 1.

1 J;’ |f(x, p)| dp < % J;; -ilép’-z dp = &y(r) log 1—5,

where &,(r) is bounded and o(1) as r — 1.

Thus F(x, r) satisfies all the hypotheses of Lemmas 3, 4, and 5 proving
F(x,r)e, for 0=r<1, Fy(x,r) e, and F(x, r)=— 32 (a,/(2n+2))®u(x)r".
By [2, Theorems 2 and 8] we have F(x, r)=Qf(x, r) and F,(x, r)=Qf,(x, r).

It remains to prove (d). By Lemma 5, for ro<r<1, we have |f.(x,r)|
<e&(r)/(1—-r)*2. Thus

, pntl r'ol+1
_ <|- ey s 1
[PF(x, r)—roF(x, ro)| < ‘ %nZo aﬂq)”(x)[n+1 n+ l]

<t 3 aviords| st [ 1x ol o
Ton= To
eg(r)
< 2(1-3—r)1/2 for —0 < x < +wand3 Sr,<r<l,

where £5(r) is bounded and e3(r)=0(1) as r — 1. Thus

|[Fo(x, r)| < (1?(:))1,2 for0<ro<r<l1,

proving (d).

Smoothness. We shall say that G is smooth at the point x if G(x) is defined and
finite in a neighborhood of x and if

1) lim [GCx-+ )+ G(x—h) =26k = 0.

We shall say that G is smooth on (— o0, <0) if it is smooth at every point x.

LEMMA 7. Let f(x, r)=>2_o a,®,(x)r" exist for —o<x< +o0 and 0sr<1.
Suppose that |f(x, r)| Se(r)/(1—r) for —0<x<+00 and 0<r<1, where &(r) is
bounded and «(r)=o0(1) as r - 1.
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Set F(x, r)=—2 0 (a,/2n+2))®,(x)r" for 0=sr<1 and

G(x,r) = D (a,/Qn+2)pP0;(x)r* for0 = r < 1.

Then "0

(@) |G(x, r)| £ Ks, a positive constant, for all x and 0sr,<r<1;

) G(x, r)=QF(x,r) and G(x,r) e #;

(¢) lim,.; G(x, r)=G(x) uniformly in x as r — 1, where G(x) is a bounded
continuous function on (— o0, ©);

(d) G(x) is smooth on (—co, ©).

Proof. Choose r; and r such that 1>r>r;>r,>4, where r, is chosen as in
Lemma 6 such that

|Fu(x, r)| £ ea(r)/(1—r)2 forro <r <1

Then

160, =G )| = | 3 s G0 =)

<3 Di(x)p" dp|

er s 2n+2

< %f |F.(x, p)| dp since F,(x, r) converges uniformly
T1

< % T (l 83(P))1l2 dP § K5[(1 _r)1/2_(1 _r)1/2]_
Tn
Thus, G(x, r) is uniformly bounded for all x and 1>r>r,, and G(x, r) converges
uniformly to a bounded continuous function G(x).
Since G(x, r) satisfies the hypothesis of Lemma 6, we have (b).
To prove G(x) is smooth on (—oo,c0), let x, be given arbitrarily. Select
8<(1—rp)*'2. Then for 0<h< 38,

[G(x0+h)+ G(xo—h)—2G(x0)]/h
= [G(xo+h, 1 —h%)+G(xo—h, 1 —h?)—2G(xo, 1 —h?)]/h
+[G(xo+Hh)—G(xo+h, 1 —h?)]/h
+[G(xo—h)— G(xo—h, 1 —h*))/h
+2[G(xo, 1 —h%)— G(x0)]/h.
We conclude from (21) that to show G is smooth at x,, and consequently on
(— o0, ), we need only establish
22) }‘mg [G(x, 1—h?)—G(x))/h = 0 uniformly for |[x—x,| < 8,
and
23)  G(xo+h, 1 —h?)+G(xo—h, 1 —h?)—2G(xo, 1 —h?) = o(h) ash—0.

To show that (22) holds we will show that given &> 0 there is an A, such that for
0<h<h, and all x such that |x—x,| <8, we have |G(x, 1 —h%)— G(x)| < he. Select
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ry as in Lemma 6 so that for 1>r>r, > r, we have |F,(x, r)| <&/2(1-r)'2. Choose
ho such that
(i) ho<d<(1—ry)*% and hence 1 —-h2>r, for 0<h<hy;
(ii) for 0<h<h, we have
|G(x, 1-h?)| < |G(x)|+1 < max |G(x)|+1 = K,
1% ~xol=6

a positive constant, by continuity of G(x) and the uniform convergence of G(x, r)
to G(x); '
(iii) ho<e/2Kg;
@iv) ho<1/(x3+1).
Now |G(x, 1 —h?)— G(x)| £ |G(x)— (1 —h)G(x, 1 — h?)| + h?|G(x, 1 —h?)|.

llm rG(x, r)— z (a,/(2n+2)?) Dy (x)(1 — A2 +1

_ rn+1 (l h2)’l+1
= 1’1‘32 2(2 +2) Dux )[n+1‘ | ]

|G(x)— (1 —h?)G(x, 1 —h?)|

= |li [0}
rl-lvl} 1-132 ”=0 2’l+2 n(x)p" dp
< lim e dp since 1—h%2 > ry, forr > r,

r-ali. 1-32 2(1 )112
o _(1—p2 8l - &
é!l_lg[zh (1-r) 2] sh

|G(x, 1 —h*)—G(x)| £ eh+h?|G(x, 1-h%)|;
é 8/2h+h2Ke f0r0 < h < ho;
< ¢/2h+he[2 = ¢h, proving (22).
To prove (23) we will prove, for ¢>0 and O0<h<h,, that (1-h?)|VG|<eh,

where VG =G(xo+h, 1 —h%)+ G(xo—h, 1 —h?)—2G(x,, 1 —h3).

Thus

—h)|VG| = Do(xo+A)(1— A2+

l 2 o 2n+2)? +2)’
+ uZo _(2n-i'-.2)2 (D:;(xo—h)(l—h2)n+1_2hz on +2)2®;(xo)(l h2yr+1

. , 1-n2 a, 1-n2
< ——-<I>,,(xo+h)fro p dp+ s n<xo—h)ﬁo o dp

2a, ., 1-p2
2,,+2<1>(xo)fro pdp}l

+| % [960ro +B)+ Bxo— )~ 205(xo)]

+o(h)
since @ is smooth
1-h3 ph
[ Pty )= Fuslxo—, 9] dp |+ o)

1-n2
f [Fu(to+h, )+ Fy(xo—h, p)— 2Fs(xo, p)] dp

0

=13

<
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by the uniform convergence of F, and F,,. Using the fact that F,.(xo, p)
=(x3+ 1)F (xo, p) —20[pF (xo, p)l/0p We have

a-#I96] s ot+3| [ [ {~25 0P Gut, D+ o+ + 1P G043, )
+25 [pF(xo=3. )]

+[Go= )P+ IF(xo=, )} dy dp|.
By Fubini’s Theorem, we have

a-mive) s o+3| [ [ { =22 oFo+7. = pF(xo=. )] dody)}

24) [ (ot G )

~ (o= +11FGra—, p)} dp dy |
The first integral in (24) is then

h
| [} -2 +3, = pF (5o, P~ dy\
h
- \ =2 [ A=Wy, 1K)~ Flr—, 1-H9)] dy|
1]
h XotV
- |2 [ a-m [ R 1-myax |
0 Xo—
h Xot+Y '
ng (1—h2)f |F.(x, 1— )| dx dy
(:t X+ Y For¥ e .
< ZJ‘O Lo_y (l—hz).———Z(l—(l—h2))1/2 dxdy sincer, < 1—h?

" o(1— i) .
ng A=K 5 dy = S -2 < h.
sl =g (U-Rk <

The second integral in (24) is
h 1-h2
3| [ 17 o0+ PG+, )= 0=+ 11FGro—, 0} do |
h 1-h2
< 303+ 1)| [ [ tFGo+r, - F=y, Pl do dy\
0 0
h 1-h2
[7 [ trouty, 0+ Fexo=y, pldp |
h 1 —-h32
+3 ‘ [ [ oty - Fe=, Pl o dy[
h r1-h3 py
é*"‘g“)Uo [T Reorepatdsay
h 1-h2y
[y [ 1FGo+y, 9+ Fou=, 9l dp dy

h 1-h2 v
[ [ R drdp dyi.
0 -y )

+
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Now using the fact that |F(x, r)| <&/(1—r)'2 for r>ry,|F(x, r)| <K, forOsr<r,,
|F(x,r)| < elog1/(1=r) forr > ry, |[F(x,r)| < Kg forO<r<r,

we obtain that the second integral in (24) is bounded by

) h (Y 1-h2 py e
}(x0+1) o Lo —yKv;dtdp-}- . _ymdtdp dy
h 23 h 1-h3
[y [ okdpayre [y [T tog 1/ -p) dp ay
2

h T (Y 1-h2 py £
+%J‘ y2 I:f f K; dtdp"l'J‘ f (1_—)1/2dtdp] dy
-y

<363+ [ [ K2y do f - T do] dy

+2st yrzdy+ej yf log s ds dy
0 0 1-rg
h Ty 1-h2 2ye
2 S ————
w4k [ [[Podr [ g ] v
h
= %(x3+1)j [2Kqyry —ey(1— p)*2|2 -] dy

+2K8r2—2-l +ef ylslog s—s]'2 2 @)
1-h2

& [y dy ~ Koo f Y=o dy
0 0

£ 3B+ DIKqrih? —2e(h— (1 —ry) 1?)h%)
+ Kgroh®+ eh®[(h* log h2 — h%) — (1 —ry) log (1 — ro) + (1 —1y)]
+ Kary(h*/4) — Kae[h— (1 —ry)*2)h%/4 = + O(h®) = o(h).
LeMMA 8. Let f(x, r)=>7-0 a,P,(x)r" exist for —oo<x<+o and 0<r<]1.
Suppose that | f(x, r)| Se(r)/(1—r) for —o<x< +o0 and 0=r<1, where &(r) is
bounded and e(r)=o(1) as r— 1. Set F(x,r)=—32, (a,/2n+2))D,(x)r" for

0=r<1, and suppose that there is y, € H# such that — 0 <y,(x) S fy(x) Sf*(x) < +
JSor all x. Then lim,_; F(x, r)=F(x) exists and is finite for all x.

T1

Proof. It is sufficient to show lim,_,, rF(x, r) exists and is finite.
— < _ag__ n+l ’
PG 1) = = 3 2 (o [ fxo, ) o

By hypothesis fy(x,) and f*(x,) are finite, hence f(x,, r) is bounded in absolute
value by A(xo)=sup {|f*(xo)| +1, | fu(xo)| +1} for O<rz<r<]1. If r, and rs are
such that O<r;<r,<rs<1, then

|rsF(xo, rs)—raF (xo, rd| =3 f ’ | f(xo, p)| dp <
4

which approaches zero as 74 and rs approach 1.

(rs—rs)

A(xo)
2
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Generalized derivatives. If G is defined and finite in a neighborhood of the point
x, we set D¥G(x)=1lim sup,_., [G(x+h)— G(x— h)}/2h. D,,G(x) will designate the
corresponding lim inf, .

LEMMA 9. Under the same hypothesis as Lemma 8, we have
D,,G(x) £ liminf [F(x, r)+(x%+ 1)QF(x, r)]
r-1
< lim sup [F(x, r)+(x*+1)QF(x, r)] £ D¥G(x).

Proof. QF(x, r) is well defined since F(x, r) € . By Lemmas 7 and 4,
v + r—

Gx,v+r—-1) = f G(t, r)P(x t, )dt forl >r>ry,1>0v+r—1>r,

Taking limits as r — 1,
G(x,v) = f G@)P(x,t,v)dt forl > v > r,
It is sufficient to show

G(xo+H)— G(xo—h)
2

If D;,G(x,)= —o0 we are done. Assume D,,G(x,)>g> —o0. Observe

D,,G(xp) = li}‘n %nf < lim ilnf [F(xo, r)+ (x3+ 1)QF(x,, r)).

x(xO’ r ) z (2n ‘|‘ 2)2 (D;(xo)’

= — &_ n S __a"_ n
- ’Zo 2n +2 d)n(xo)r +(xg+ l)nzo (2’1 +2)z d’n(xo)"
since ®,(x) satisfies (16). Therefore
Gx(xm r) = F(an r)+(xg+ 1)QF(X0, r) = f G(’)Px(xo, t’ r) dt’
and we have to show

D14G(xo) < lim inf f ® G()Pxo, 1, r) dt = lim inf Go(xo, 7).
r— -0 r—

Since D;,G(x,)>g> —oo it is sufficient to show

(25) lim inf G,(xo, ) 2 ¢
r—-1

To prove (25) note that

G (X, 1) = f " G()Py(xo,t,r)dt  which by (14)

8 (1-r?
- expﬂ{l;()l; ()2;;,2 )} J‘ GO = xo(1 + %) +21r]e-"* dr

14+r2 712 ( 2xor)'
T 20=r% 1+r2

where
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Rearranging we find

exp { (1 +r? )} (= x)(1=r)?

G.(xo, 1) = 1/2(1 2y

(26) U G(xo+s5) exp { [21 +r22) [s+xo 8 I'Z;] } ds
+; Gom9remp { - [g7 ] = (73] 4]

w22

72(1 — r2)o2

<[] oo e"p{ [2(11+rr22)] s+ °8+22] } 4
-, Gw=sysexp {~ [37=7m] [s—= ) } 4]

The claim is that (26) is o(1) as r — 1. Because G(x) is bounded by K; and using the
substitutions #=[(1+r2)/2(1 —r?)]*2[s + xo(1 — r)?/(1 +r?)], we find

lim |(26)| 3 2"‘;’}2 K lim (1 r)1/2( )“2{ f "’dt} 0.

Therefore G,(x,, r) can be written as

v e {-3 (7))

o(1)+ w31 — r2yors
X UQ {G(xo+5)— G(xy—s)}s exp {— [2(11;__';:) [ +X 8 +:2;] }df]

en ¥ e {-3 (i5)}

1[2(1 _ r2)3/2

([ oo ] o 52 )

=, G=spsexp { =[5 [ s () } ]

Using the same substitutions, we get lim,_,; [(27)| =0, since the exponential term
dominates. Thus

2
2r exp {_%3 (—i +:2)}

G(x0, 1) = o(1)+ w21 — 2o

U {G(xo+5)—G(xo—s)}s exp{ [2(ll+r2 ][ + 081'22] }ds]

+
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Note it is sufficient to consider the integral only over the interval s € [0, 8], for any
fixed 6>0, because the exponential term carries the integral to zero as r — 1,
when s is bounded away from zero. Therefore

2rep{ -3 (177)}

Gx(xm r) = 0(1)+ 1/2(1 2)3/2

[ rco-owon (- 52T ]

Since D,;,G(x,)>g, we choose & such that, for |s| <8, we have
{G(xo+5)—G(xo—5)} > 2gs.

Then (28) dominates

B o [ o2 )]

7 2(1 —r2)°2 a-r (l+r2

By the usual substitution, and letting r — 1,

lim inf G, (x,, r) = 4T‘;12‘ t2e~dt = q
r—1 m™ 0

LEMMA 10. Let f(x, r)=>2_o a,P.(x)r" exist for —o<x<+o0 and 0=r<]1.
Suppose that |f(x, r)|Se(r)/(1—r) for —co<x<+0o0 and 0=r<1, where &(r) is
bounded and (r)=o0(1) as r — 1, and that there is y, € 3 such that — o0 <y < f(x)
Sf*(x)< +oo for all x. Set F(x, r)=—>2_¢ (a,/@n+2))0 (x)r" for 0=r<1, and
suppose F(x, r)— F(x), where F(x) is a continuous function on (a, b). Then

(@) F(x,r)— F(x) uniformly on compact subsets of (a, b) asr — 1;

(b) A*F(x)=f(x) and f*(x)= A F(x) in (a, b).

Proof. Let [a,, b;]<(a, b). We wish to show F(x,r)— F(x) uniformly in
[ay, b,] as r — 1. Let
29) a<a,<a;<a;<a <b, <by<by;<by<b
Let A(x) be a € function such that
A('x) = l in [aS, b3]9

(30) Ax) = 0 for x ¢ [ay, bs],

Ax) = 1.
31) For x € (a, b) define F,(x) = A(x)F(x)

and for x ¢ (a, b) define Fy(x) =

Then by (29), (30), (31), and the hypothesis we have F,(x) is continuous, in £*, ¢
and bounded by a constant, say K. Set

(32) Fi(x, r) = f ® P, F()dt for0 < r < 1.
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Then F,(x, r) satisfies (8) for 0=<r < 1. Since F;(x) is continuous and in J#, we have
Fi(x, r)— Fi(x) as r - 1 [2, pp. 398-399]. We will show

(33) Fy(x, r) — Fy(x) uniformly on compact subsets of (—c0, o) as r — 1. Let
[c, d] be any closed interval in (— o0, o). For £>0 choose r’ such that when r>r’,

© &
f_wP(x, : r)dt—l‘ <% onled]

This can be done since [*  P(x, ¢, r) dt — 1 uniformly on compact subsets. Hence
for r>r' we have

=R 3|7 ROPeLna- [T F@Pe el

+

Fu(%) f _: P(x, 1,7) dt—Fl(x)l

< fm |F1(t)—F1(x)|P(x,t,r)dt+K\ f Pt r)dt—-ll

X -0 X x+6 -]
<%+ f + j + f + f |Fy(t)— Fy(9)|P(x, 1, r) dt
- x-06 x xX+6

where 8> 0 is to be chosen. Since lim,,; P(x, ¢, r)=0 uniformly for |x—¢|2 8 and
|Fy(t)— Fy(x)| £2K, the integrals [*7? and [7,, go to zero uniformly on [c, d].
Choose & by the uniform continuity of F;(x) on [c, d] such that, for the given £> 0,
we have that when |x—1| <8 then |Fi(t) — Fy(x)| <e¢/4. Then

X+ 0 e x+6 P ©
[ iro-rereana s [ ranas ;[T paina

which converges to /4 uniformly on compact subsets. The integral [7_, similarly
becomes smaller than ¢/4, proving (33).

Since F(x)=F(x) on [a;, b;], we have F(x, r) — F(x) uniformly on [a,, b,]. It
remains to show F(x, r)— Fy(x, r) — 0 uniformly on [a,, b,].

H(x, r) = 2(2”%)—2 o, O<r<l).

Claim:

(34) H(x,r)— H(x), a bounded continuous function, and the convergence
is uniform in x.

To see this, choose r, >ry,>1/2. Then

l’lH(x, ry)—roH(x, "2)| =3

© a, " .
S0 [ dp|

<3 [ IFGs, o)l dp 0
ra
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uniformly in x as ry, r,— 1 since |F(x, r)|Sey(r)log1/(1—r) by Lemma 6.
Thus H(x, r) is bounded for all x and is in £ By [2, Theorems 2 and 8] we also
have

H(x,r) = QF(x, 1) ~ Z o +2)2 O, (x)r™.
Observe H(x,r)—[Z, P(x, t, r)H(t) dt satisfies all the hypothesis of Lemma 2,
which proves H(x, r)=[%_ P(x, t, r)H(t) dt. Define
H,(x,r) = QF,(x, r) ©O=r<l.
(35) Note H,(x, r) — H,(x) uniformly for x on compact subsets of (—co, o)

where H,(x) is a bounded and continuous function, since

lim OF,(x, ) = ~lim f Fu(t, r)k(x, £) dr

- _ f " Fi(Ok(x, ) dt = QF,()

and F,(x, r) — F;(x) uniformly for x on compact subsets. By Lemma 2 applied to
Hy(x,r)— [, P(x, t, r)H(t) dt we find

Hy(x,r) = f ® PGt )H()dt O r< 1)

Set
Hy(x,r) = H(x,r)—Hy(x,r) (O =r<1).
Then by (34) and (35), setting Hy(x)=H(x)— H,(x) we have
Hy(x, r) = Hy(x) uniformly for x in compact subsets, where H,(x) is a bounded
continuous function in 5
Set
Fy(x,r) = F(x,r)—Fy(x,r) O=sr<l.

(36) Then Fy(x, r) — Fy(x), where Fy(x)=0 for x € [as, bs).

Setting
@ a;l n
Fl(x9 I') ~ = nZom q)n(x)r s
we have
Hl(x r) QFl(xa r) z (2n+2)2 n(x)rn
and
: a,—a, n n
Hy(x,r) ~ z ((2 +2)2 ()" = z (2n+ nt 2y O, (x)r™.
Claim:

@ Hi) ~ 3, s 0.9
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Since H,(x) € # we have
[} b’l
Hy(x) ~ 20(2”—'*'2)2 D,(x)
and by the continuity of H,(x),

> o O™ > Hy)

n=0

uniformly on compact subsets. We also have
) a,
D it B (X)r" — Hy(x)

uniformly on compact subsets. Thus applying Lemma 2 to

> (Ba—,)/@2n+2)) D, (x)r
we have
d, = b, for all n, proving (37).

By [2, Theorem 4], A Hy(x)<F}(x) and F,,(x)S A*Hy(x). By (36) we have
AyHy(x) <0< A*H,y(x) on [a,, bs]. By [2, p. 395], Hy(x) satisfies (17) in [as, bs].

(38) That is, Hy(x) is twice differentiable in [a, b5] and AH,(x)=0 in [as, bs).
Now AHy(x, r)=[%. AP(x, t, r)H,(t) dt since Hy(x) € # by [2, p. 398]). We will
show

(39) AHy(x,r)—0 uniformly in [a,, b,] as r — 1.

Now AP(x,t,r)=—2[rP(x, t, r)},=Pu(x, t, r)—(t2+1)P(x, t, r). Since Hy(t) is
bounded, [7,, AP(x,t,r)dt=—2 .5 [FP(x, t, 1)}, dt — 0 uniformly on compact
subsets for any fixed >0, and similarly j"i S AP(x,t,r)dt—0 uniformly in
compact subsets, it is sufficient to restrict ourselves to | Z: AP(x, t, r)Hy(t) dt.

[ Apes, (e e = [ t2utx &, =+ PG )

b by
- f * Pulx, 1, F)H(t) di— f 2+ 1)P(x, 1, r)H(t) dt
(40) ag agz
= Hy(by)P(x, by, r)— Hy(az)Pyx, ag, r )— Hg(bg)P(x, by, r)
by
+ Hy(ap)P(x, az, 1)+ f P(x, 1, F)AH,(t) dt.
az
The integral in (40) is zero on [a,, b,] by (38). The first two terms in (40) go to zero

uniformly on [a;, b,] by (29), since b, is not contained in [ay, b,], and Py(x, ¢, r) — 0
uniformly for |x—t|2 8= 0.
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Thus (39) will be proved if we show
(41) Hy(bg)P(x, by, r) and Hy(ar)P(x, az, r) — 0 uniformly on [a,, b,]. Since
G(x, r) = G(x) uniformly in x, and G(x) is bounded, we have

r-1

lim G(t r)dr = f i lim G(, ) dt = f " G@) d.
o T ]

Hence

. ’ = n(t)rn
13311 p: 0(2 s QU(* = lim Zf e

r=1,-0
= lim [ 2, @n @3y G- Z N TEE "(0)’"]

= H(x)— H(0).
This means H(x)— H(0)=[3 G(t) dt or H'(x)=G(x). Defining

G5, r) = Q[ Fix, )]

we get Gy(x, r) — G;(x) uniformly, where G,(x) is bounded and continuous.

Setting Gy(x)=G(x)— G,(x) we see that G(x) is a bounded and continuous
function since G(x) and G,(x) are. Thus (41) is proved if we can show

Ga(by)P(x, by, r) and Gy(az)P(x, ag, r) converge uniformly to zero on [a;, b,] as
r—1.

But Gy(x) is bounded and b, ¢ [ay, b;]. Thus P(x, by, r) and P(x, a5, r) —>0
uniformly on [a;, b,]. This proves (39). Since AHy(x, r)=Fy(x, r) we have:

F(x, r)—Fy(x, r) = 0 uniformly on [a;, b,], which completes the proof that
F(x, r) — F(x) uniformly on compact subsets of (a, b).

Since F,(x) € 5%, we have

Fl(x) Z 2n+2 rl(x)
where a,=[%_ F,(t)®,(t) dt. Then

Fy(x,r) = f F@P, = [ R S 0,0, dt

I

,,2, U _w _ %R0 dt] @, (x)r"

o0 al
= - s (Dn(x)r n,
,Zo 2n+2

which is consistent with our previous notation.
By [2, Theorem 4] we have

42) A*Fy(x) 2 lim inf > a,0,(x)r" = lim inf [—2rFy(x, Nl
T n=0 r—
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Since F(x)=F(x) on [as, b3], we have
43) A*Fi(x) = A*F(x) for x € [a,, b,].

Repeating the identical argument which showed AH,(x,r)— 0 uniformly on
[a;, b,] as r — 1, and using the properties that AP(x, t, r) and [AP(x, ¢, r)], con-
verge uniformly to zero for |[x—¢|= 8 >0, we have A[AH,(x, r)] — 0 uniformly on
[a, b,].
This means [rF(x, r)],— [rF;(x, r)], = 0 uniformly on compact subsets of (a, b).
This gives, for x, € (a, b),

44) lim ilnf —2[rF(xo, r)], = lim inf—2[rF(x,, r)],.
r— r—1

But

45) lim ilnf —2[rF(xo, 1)), = fa(xo).

Thus combining (42), (43), (44), and (45) we have A*F(x)2 f,(x). The proof that
[*(x)= A, F(x) follows by a change of sign.

A-convex functions. The function F(x) is said to be A-convex in (g, b) if the
equations y(c)=F(c) and y(d)=F(d) for a<c<d<b imply that F(x)<y(x) for
c¢<x<d, where y(x) is a solution of (17).

Generalized convex functions of this type have been studied by Beckenbach and
Bing [8][9]. In particular, if F is A-convex in (g, b), then F is continuous in (a, b)
and F(a+), F(b—) exist (as finite numbers or + o).

LeMMA 11. Let f(x, r)=37_0 a, @, (x)r" exist for —oo<x< 4o and 0sr<1.
Suppose that |f(x,r)| Se(r)/(1—r) for —0<x< -+ and 0Sr<1, where (r) is
bounded and (r)=o0(1) as r — 1, and that there is y, € # such that — oo <y,(x)
Sfu(X)Sf¥(x) < + o0 for all x. Set F(x,r)= — 3,2 o (a,/(2n+2))®,(x)r* for0<r<1,
and suppose F(x, r) — F(x), where F(x) is a continuous function on (a, b). Then F(x)
is continuous in [a, b].

Proof. It will be shown that:

(46) F(a+) exists (finite or +c0) and

(47) F(a)=F(a+) and is finite.
By symmetry we then have F(x) is continuous at b. By hypothesis we have —oo
<Y(x) Sfi(x) Sf*(x) < + 0. Let u(x) be a function chosen as in [2, p. 396] such
that

u(x) is upper semicontinuous,

u(x)<y(x)< + oo for all x, and

u(x) e .
Set W(x)=F(x)—Qu(x). Then A*W(x)= A*F(x)— A*Qu(x)2 f(x) —u(x) 2 y(x) -
u(x)Z0 by [2, p. 392] and Lemma 10.
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Applying [2, p. 395], we have W(x) is A-convex in (a, b). Since W is A-convex to
the right of a, this means

W(a+) exists as a finite number or +oo.
By the continuity of Qu(x), this proves (46). To prove (47), we select a<a’ <b’ <b.

Since

G(x,r) = O, (x)r" for0<r<1,

Z (2n+2)2
and O,(x) satisfies (16),

G.(x, r) 2 (2n+2)2 Oy (x)r"

—_ _1£L_ n 2 < ___21__ n
Zo a3 Da(Ir+ (2 +1) Zo Grr oy SO
= F(x,r)+(x2+1)H(x, r).
Thus

a+h a+h
Gla+h,r) = f F(t, r)di+ j " (@ +DHE, 1) di+ G, 7).
Taking the limit as r — 1, and applying Lemmas 7 and 10 we have
a+h a+h
Gla+h)-G@) = J' F(¢) di+ f (2 +1)H() dt.
Since F(a+) exists (as finite or + c0) we can take the limit as ' — a and get
a+h a+h
G(a+h)—Gla) = f F@t) de+ f 2+ D)H() dt.

Thus
lim G(a+h) G(a)

h-0%

= F(a+)+(a*+1)H(a)

and this must be finite or + co.
But G is smooth by Lemma 7, which means that the right-hand and left-hand
limits must agree. Therefore G'(@)=F(a+)+(a®*+1)H(a). Applying Lemma 9

G'(a) = linll [F(a, r)+(a®+1)H(a, r)]
= F(a)+(a®+ 1)H(a).
This means F(a)=F(a+). By Lemma 8, F(a) is everywhere finite, proving (47).

LEMMA 12. Let f(x,r)=2>"_0 a,@,(x)r" exist for —oo<x<+o0 and 0=sr<1.
Suppose that |f(x, )| Se(r)/(1—r) for —0<x< + and 0=r<1, where &(r) is
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bounded and e(r)=0(1) as r— 1, and that there is y, € # such that — oo <y(x)
Sfu(X) S£*(x) < 400 for all x. Set

F(x,r) = — Z 2n+2 D, ()™ forO=r< 1.

Then F(x) is continuous in (— o0, c0).

Proof. Let R>0. It is sufficient to show F(x) is continuous on (—R, R). In
Lemma 8 we saw that the function

F(x,r) = Z sy P, 0=r <,

n=0

was Poisson summable at all points x to a function F(x). Let E be the set of points
at which F(x) is discontinuous. We propose to show that E is the empty set.

Choose increasing sequence {r,}=_, with r;=0and r, — 1 as n — o0, and with the
property that if r,<r=r,,;, then |f(x,r)—f(x,r,)|S1 for |x|<2R. Since
lim sup, .« |f(x, r)| Sf*(x)< +00, given any closed nondegenerate interval J
contained in the interior of (— R, R) there exists, by [10, Lemma 4, p. 645], a
constant M and a closed nondegenerate subinterval J; of J such that | f(x, r,)| S M
for x in J;. But then | f(x, r)] S M+1 for 0<r<1 and x in J;. This fact implies that
F(x, r) — F(x) uniformly for x in J;, and therefore that F(x) is continuous in J;.
We conclude that the set E is nondense in (— R, R).

Suppose E contains an isolated point z,. Then there is an 2> 0 such that — R<z,
—h<zo+h<R and such that F(x) is continuous in each of the open intervals
(zo—h, z,) and (zo, zo+h). Applying Lemma 11, F(x) is continuous at z,, thus E
contains no isolated points.

If E is not vacuous, its closure E'is perfect. We again apply [10, Lemma 4, p. 645].
Let #=J-E, where J is a segment, be a portion of E on which F(x) is continuous.
Let (a, b) be a segment contiguous to =. On (a, b), F(x) is continuous. Thus by
Lemma 11, F(x) is continuous on [a, b]. If x, € E is a left-hand endpoint or right-
hand endpoint of one of the contiguous intervals of =, this gives F(x) is continuous
at x,. Thus we may suppose X, is the limit of left-hand endpoints of contiguous
intervals. Applying Lemma 11 to each contiguous interval (c, d), we have F(c)
=F(c+) and F(d)=F(d—). Defining W(x)=F(x)— Qu(x) as in Lemma 11, we
have W(x) is A-convex in each interval and W(c+)=W(c), W(d-)=W(d). It
follows that if x, is any point of 7, then W (x) is upper semicontinuous at x,. Then
W(x) is upper semicontinuous in J, which implies that W(x) is A-convex and
therefore continuous in J. Thus E is vacuous and F(x) is continuous in (— R, R).

The above proof is very similar to the analogous theorem for trigonometric
series [3, p. 355].
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CHAPTER 11
Major theorems.

THEOREM 1. Let the series 52, a,®,(x)r" converge, for 0=r<1, to f(x,r).
Suppose that
@) |f(x, r)|=0(1/(1—r)) uniformly in x as r — 1;
(ii) thereis a functiony, € 3 such that — 0o < y;(x) £ f4(x) £ f*(x) < + 0 for all x;
(iii) there is a function y, € 3 such that — oo < yo(x) < F(x) for all x.
Then the series 3. a,P,(x) is Poisson summable almost everywhere, and is the
Hermite series of its Poisson sum.

Proof. As in Lemma 10, we set

H(x,r)=QF(x,r) = Z (2n+ 575 PaCr™

In (34) we showed H(x, r) converged to the continuous and bounded function
H(x) as r — 1. Repeating the argument of (37), we have

HO) ~ 3 e 03

By [2, Theorem 5] and hypothesis (iii), the series — > 2, (a,/(2n + 2\, (x) is Poisson
summable almost everywhere (we already proved in Lemma 8 this was everywhere
to F(x)) and

@) FO) ~ 3 5o 0,0,

Again applying [2, Theorem 5] to (48), because of Lemma 12 and hypothesis (ii),
we have that the series >, a,D,(x) is Poisson summable almost everywhere and
is the Hermite series of its Poisson sum.

This result extends Rudin’s results [2, Theorem 6], because the condition
a,=o(n*) implies | f(x, r)| =0(1/(1—r)) uniformly in x as r — 1. In fact, since

P(x,x,r) = D O ()0, (x)r" = O(1/(1—-r)'"?)
n=0
uniformly in x as r — 1, and >=_, o(n*®)r*=0((1/(1—r))*?) as r — 1, we have

7601 = | 3 @renr| = (3 ) (3 ozoor)

= (=) ] lola=ml] " = o (=)

uniformly in x as r — 1. If @, = o(n'/*), the condition that F(x) € 5 follows from the
Riesz-Fischer Theorem.
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THEOREM II. Let the series 37.o an @ (x)r* converge, for 0<r<1, to f(x,r).
Suppose that

@) |f(x, r)|=0(1/(1 =r)) uniformly in x as r — 1;

(i) lim,., f(x, r)=0 for all x.
Then a,=0 for all n.

Proof. By Lemmas 10 and 12, F(x, r)= —>2_, (a,/(2n+2))D,(x)r" converges as
r— 1 uniformly on compact subsets. By Lemma 10(b) we also have that A*F(x)
20= A, F(x). Applying [2, Corollary 6.3], F(x) is a solution to (17) for all x, that is
F'(x)—(x2+1)F(x)=0. By (16),

(%) Pn(x)
n+2 2n+2

D,(x) = (*+1) 575
Thus

—(x%+1) é:o (3’:1—;‘5——)2 D, (x)r"+ ngo (2na_-|:‘2)2 D, ()r" — F(x)

uniformly on compact subsets. Integrating twice,

& art (., [
2 |, [, woaas- [ [ e ronenads

converges to (% [{ F(¢) dt ds, where H(x, r)=QF(x,r), (0sr<1), as defined in
Lemma 10. Since

f f (1) dr ds = f [@}(s)— D4(0)] ds = @, (x) — D,(0) — xP1(0),

[ an n ' )
(49) nZo (2n+2)? a0y~ Z (2n+2)2 ©n(0)r"—x Z (@n + 2)2 ®,(0)r

—fx fs (t2+1)H(t, r)dt ds converges to f f F(t) dt ds.
0 JO 0 JO

But (49) is known to converge to

H(x)— H(0)— xG(0)— fo ) fo (2 + 1)H(?) dt ds.

Therefore
(50)  H(x)— H(0)— xG(0)— f ¥ f "+ DH() dt ds = f : f " Ft) dt ds.

Since H and G are bounded (Lemmas 7 and 10), the left-hand side of (50) is O(x*)
for x large.

Since the function B(x)=e*"?[* e~*"du and B(—x)=e*"'2 [_% e~** du are
linearly independent solutions to (17), we have F(x)=c,8(x)+ c,f(—x). Let

gi(x) = f fﬁ(t) dds and go(x) = 2 f f B(—1) dt ds.
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As x — +00, g,(x) > +00 and gy(x) 0. So if [ [} F(t) dtds is O(x*), then
¢,=0. As x > —o0, gy(x) = +00 and g,(x) > 0. So if [ [} F(z) dt ds is O(x%),
then ¢;=0. Thus F(x)=0 for all x. Theorem I now applies and gives us
0~3>2 o a,9,(x) or a,=0 for all n.

We cannot replace the condition o(1/(1 —r)) by O(1/(1 —r)) in Theorems I and II.
To illustrate this, if we differentiate e**2P(x, 0, r) we get

©

fr<).

This is a series of Hermite functions for which f(x, r) — 0 for all x, F(x) € 5, and
f(x,r)=0(1/(1-r)) uniformly in x as r — 1. This series is clearly not the zero
series, and we conclude the above condition is in a certain sense best possible.
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